Modern spark ignited (SI) internal combustion engines maintain their air-to-fuel ratio (AFR) at a desired level to maximize the three-way catalyst conversion efficiency and durability. However, maintaining the engine AFR during its transient operation is quite challenging due to rapid changes of driver demand or engine throttle. Conventional transient AFR control is based upon the inverse dynamics of the engine fueling dynamics and the measured mass air flow (MAF) rate to obtain the desired AFR of the gas mixture trapped in the cylinder. This paper develops a linear quadratic (LQ) tracking controller to regulate the transient AFR based upon a control-oriented model of the engine port fuel injection (PFI) wall wetting dynamics and the air intake dynamics from the measured airflow to the manifold pressure. The LQ tracking controller is designed to optimally track the desired AFR by minimizing the error between the trapped in-cylinder air mass and the product of the desired AFR and fuel mass over a given time interval. The performance of the optimal LQ tracking controller was compared with the conventional transient fueling control based on the inverse fueling dynamics through simulations and showed improvement over the baseline conventional inverse fueling dynamics controller. To validate the control strategy on an actual engine, a 0.4 l single cylinder direct-injection (DI) engine was used. The PFI wall wetting dynamics were simulated in the engine controller after the DI injector control signal. Engine load transition tests for the simulated PFI case were conducted on an engine dynamometer, and the results showed improvement over the baseline transient fueling controller based on the inverse fueling dynamics.
Introduction
Most modern SI internal combustion engines maintain their AFR at a desired level to maximize the three-way catalyst efficiency and durability. Operating SI engines at a desired AFR is due to the fact that the highest conversion efficiency of a threeway catalyst occurs around the stoichiometric AFR. The control of AFR is an increasingly important control due to the federal and state emission regulations. As the emission regulation gets tight, transient AFR control becomes an important topic. In recent years, there have been several fuel control strategies developed for automotive engines to improve the efficiency and to reduce exhaust emissions. These AFR research efforts include adaptive control [1] , sliding mode control [2] , linear parameter-varying control [3] , and flex-fuel puddle compensation [4] .
There have been significant studies through experimental research in the last few decades to characterize the deviation of AFR during engine transient operations. These studies include the use of a transfer function to simulate the mixture-formation process by Stivender [5] , a detailed study of the simple phenomenological model for fuel transport in the intake port by Aquino [6] , an investigation of fuel transfer characteristics during transient operations including cold start by Hires [7] and Rose et al. [8] [9] [10] found that the durations of AFR deviations were shorter than what were previously discovered by other researchers. Currently, a few researchers have developed control strategies for gasoline SI engines that are designed specifically to address and improve the transient AFR control problem. These research efforts include a control strategy that involves a model that takes account of manifold filling and the delays in transport of fuel from the injectors to the cylinder by Hu [11] , a simple linear control approach using least squares estimation by Ye [12] , and a control strategy that combined the modified Elman neural network and the traditional PI (proportional and integral) controller by Yao [13] . Ultimately, there has not been much research dedicated to transient AFR control within the last a few years and this paper discusses the application of the optimal LQ theory to transient AFR control.
Production AFR control is commonly achieved by combining feedback and feedforward control of the fuel injection for a given air charge in the cylinder. The feedback control is based on the oxygen sensor measurement of the AFR. The feedforward control is used to reduce transient effects of the PFI wall wetting dynamics and air intake dynamics. There is increasing literature on improving transient AFR control, see Refs. [14] [15] [16] [17] . Conventional feedforward AFR control is based on the inverse fueling dynamics, where it is primarily derived from the estimated cylinder air charge divided by the desired AFR ratio of the air and fuel (Refs. [4, [18] [19] [20] ). Although the use of feedforward control can significantly improve the transient response of AFR, its control accuracy is based upon the fuel injection and air intake model and there is room for improvement.
An alternative approach of designing a feedforward AFR control is to use the measured air flow at the engine throttle and its air charge dynamics from the engine throttle to cylinder to track the desired AFR during engine transients [21] . This control is expected to reduce the AFR tracking error during engine transient operations.
In this paper, a control-oriented model of the fuel and air flow dynamics is used for AFR control design and simulation evaluation. The fuel flow model includes the wall wetting dynamics of a PFI injector; and the air flow model includes throttle dynamics, transport delays, and manifold filling dynamics. A finite horizon LQ tracking AFR controller is designed based on this model to track the estimated airflow into the engine cylinder during transient engine operations. The finite horizon LQ tracking control law, motivated by its tracking feature, for a given period is updated at every control step and only the first sample of the calculated control signal is used for real-time control at current step. This control strategy is also commonly referred to model predictive control (receding horizon control). The developed control strategy was validated in simulations and compared with the conventional inverse fueling dynamics control law and showed improvements in the AFR over the conventional controller during engine transient operations. Next, the designed LQ transient AFR control strategy was validated on a single cylinder engine through dynamometer tests. The test results confirm the simulations.
The remainder of the paper is organized as follows: Section 2 presents a control-oriented engine airflow and fuel flow model, followed by a section that describes an innovative LQ tracking controller that adjusts the fuel injection quantity during engine transient operations. Section 4 provides the simulation and experimental results are presented in Sec. 5. Finally, conclusions are discussed.
Air Flow and Fuel Flow Model
The control problem studied in this paper is to adjust the port fuel injection rate x PFI so that the engine AFR deviation from the desired level (e.g., stoichiometry) is minimized during engine transient operations.
A control-oriented hardware-in-the-loop (HIL) four-cylinder dual-fuel mean-value engine model, developed based upon Ref. [22] and modified from Ref. [23] , was used to develop the air and fuel flow model used in this study. The term "mean-value" indicates that the previously developed engine model neglects the reciprocating behavior of the engine, assuming all processes and effects are spread out over the engine cycle. During the HIL simulations, this model describes the input-output behavior of the physical engine system with reasonable simulation accuracy using relatively low computational throughput. Reference [24] provides a good overview of engine modeling, along with most of dynamic equations used in the four-cylinder model. This engine model also includes all engine transient dynamics. Figure 1 shows the overall mean-value engine model architecture, along with main subsystem models, such as AFR, manifold air pressure, P in , brake mean effective pressure, engine torque, exhaust temperature, etc.
The subsystems from Fig. 1 that were used for the airflow and fuel model in this study were the throttle and intake manifold dynamics model, fueling dynamics model, air charge model, and engine combustion AFR calculation. Note that the controloriented model needs to be simple enough for online control update but also includes necessary dynamics since the developed LQ control will be used for real-time engine control and the control parameters are updated every control step. Therefore, the equations used to describe these dynamics and calculations were simplified for control design purposes and a linear air and fuel flow model was created as follows.
The engine throttle dynamics, x throttle , are modeled by the following transfer function:
where x air is the airflow into the throttle and s 1 is the throttle time constant including both motor and throttle plate dynamics. The state space representation of the throttle plate dynamics is
The delay due to air travel from the engine throttle to manifold is modeled as a transport delay. It is typically a function of engine speed and is approximated as a pure transport delay s d . The isothermal model of the filling dynamics of an engine intake manifold, x manifold , can be approximated by a first order transfer function as
where s 2 is the time constant. The effective fuel flow for wall wetting dynamics from the port fuel injector, x PFI_E , is modeled by the following transfer function
which is a continuous time approximation of the event-based port fuel injection process, where a portion of the injected fuel, x PFI , is injected directly into the cylinder and portion of the fuel remains on the back of the intake valve and, at the same time, a portion of the residual fuel remained on the back of the intake valve is vaporized and flew into the cylinder. The fuel flow wall wetting model for discrete time dynamics was proposed by Aquino in Ref. [6] . Coefficients a and b are obtained to match the discrete time transfer function. In addition to the wall wetting dynamics, there is an average PFI fuel injection delay, s 3 , from updating the fuel injection command to the time that fuel is injected, which is again Fig. 1 Mean-value engine model architecture approximated by a unitary gain first order transfer function, similar to Eqs. (2) and (3). The state space representation for the complete PFI fueling dynamics is
where u fuel is the input to the PFI injector and y fuel is the injected fuel. Also note that y fuel ¼ x PFI . Due to the three-way catalyst used for emission control, most engines are design to achieve a target A/F ratio around stoichiometric. For this study, we use a normalized target A/F ratio, k target , which is defined as the desired AFR divided by stoichiometric AFR. Note that at stoichiometry the normalized target A/F ratio is equal to one. The normalized A/F ratio can be calculated as
A schematic diagram of the AFR control scheme is shown in Fig.  2 and the details of the LQ tracking controller will be discussed in detail in Sec. 3.
Linear Quadratic Tracking Controller
In this section, a finite horizon LQ tracking AFR controller is designed based on the model previously described to track the desired normalized AFR during engine transients. More specifically, the control objective is for y fuel to optimally track k target over a given time interval. Later, the optimal control problem will be transferred to the equivalent optimal control problem that minimizes the tracking error between the measured airflow and the product of fuel flow and desired AFR.
The continuous time system in Eq. (5) is discretized at a sample rate of 10 ms with the engine parameters defined in Table 1 , where these parameters were determined by matching the AFR responses at the engine speed of 1500 RPM. Thus, it becomes a linear, timeinvariant system described below
where y fuel ðkÞ is the fuel flow into the cylinder. The values for the matrices of discrete time system (7) For notational simplicity, x k , u k , and y k will be used to denote the system state x fuel ðkÞ, control u fuel ðkÞ, output y fuel ðkÞ at time k. Let z k be the airflow into the cylinder divided by the 14.6 and the normalized desired AFR at time k. Note that the detailed discussions regarding how to generate z k can be found at the end of this section. Consider the discrete time, linear time-invariant system in Eq. (7) and define the performance cost function to be minimized as
where, F and Q are positive semidefinite symmetric matrices and R is a positive definite symmetric matrix. The initial state is x k0 and the final state x kf is free with k f fixed, thus this is a finite horizon LQ control problem. The selected performance output is
such that the weighted cost function of the performance output e k and control u k is minimized. To begin the methodology to obtain the solution for the optimal tracking system, first define the Lagrangian function
and formulate the Hamiltonian as Following the approach from Ref. [25] , equations for the optimal state x Ã k , optimal costate p Ã k , and optimal control u Ã k can be obtained as follows:
Note that in the above equations "*" denotes the optimal trajectories of the corresponding vectors. The terminal condition becomes
Substituting the open-loop optimal control of Eq. (14) into Eqs. (12) and (13), the following system is obtained:
where, E ¼ BR À1 B T and V ¼ C T QC. Next we assume that the terminal condition in Eq. (15) is of the form
see Ref. [25] for details. By substituting Eq. (17) into state equation (16), the following can be obtained:
where
The corresponding boundary conditions for Eqs. (18) and (19) , respectively, are
Note that Eq. (18) is a nonlinear matrix difference Riccati equation to be solved backward using the terminal condition (21) , and the linear vector difference equation (19) can also be solved backward using the terminal condition (22) . Once these equations are solved, the control equation (14) can be rewritten as
Multiplying Eq. (23) by R and solving for the optimal control results in
Note that Eq. (24) requires the state x, which is used as feedback from the fueling dynamics. Therefore, Eq. (24) is a closed loop optimal control with feedforward control. Finally, the optimal state trajectory in Eq. (12) can be rewritten using Eq. (24) as
Since the optimal control used in the LQ tracking controller requires the state x, a state estimator is designed to obtain state information in real-time from the available measurements. The available measurements are assumed to be the MAF sensor, fuel injection signal, and oxygen sensor. Recall the linear, timeinvariant system described in Eq. (7) that models the wall wetting dynamics of the PFI injection process and the fuel injection delay. A Luenberger state observer [26] is used to estimate the states of Eq. (7) in real time and has the following form:
where matrix L is chosen such that the estimation error goes to zero as time goes to infinity. Note that the measurementỹ k is a virtual sensor signal of the discretized mass air flow at throttle z throttle divided by the AFRỹ
6kðkÞ (29) where k is the measured normalized AFR signal and parameter n is used to compensate the air flow transportation delay from throttle to cylinder and it can be approximated by the transportation delay s d divided by the sample period. The estimation system equation can also be rewritten aŝ
and the error between the actual state x k and the estimated statex k is governed by the following equation:
Choosing the estimation gain matrix L as
to assign both poles of the state estimator system matrix, A À LC, to around 0.885 to guarantee that the state estimation error e k will become zero as time goes to infinity. Figure 3 shows the architecture of LQ tracking controller with the state estimator. The implementation of the discrete time LQ tracking controller begins by discretizing the manifold filling dynamics in Eq. Transactions of the ASME Notice that the input of the system in Eq. (33) is the output of the throttle plate and electrical actuator dynamics, z throttle , approximated in Eq. (1), discretized at a sample period of 10 ms, that is, z throttle is the sampled airflow at the throttle location. Figure 3 shows the details of the implementation of the LQ tracking control scheme and will be described as follows: First, the estimated air flow measured by the mass airflow sensor, z throttle , is used to calculate the airflow to cylinder z ND (see Fig. 3 ) with the manifold filling dynamics of Eq. (3). Note that physically it will take n steps for the airflow z ND to get into the cylinder since the transportation delay s d was not included when calculating z ND . Therefore, z ND , is a s d -second forward prediction of the incylinder airflow.
Next, this predicted airflow, sampled every 10 ms, is divided by the desired AFR 14.6k R (k) and pushed into a reversed buffer of size N after n-N step delay. The reversed buffer means that the newest sample will stay at the end of the buffer and the oldest one will be at the beginning of the buffer, see Fig. 4 , where q is the one-step advance operator. The buffered signal forms the reference vector z indicated in Fig. 3 . Note that this works when N n and the buffered signal z contains the future N step in-cylinder required (reference) fuel flow. This is done so that for every control step, the finite horizon optimal tracking control can be solved.
As a summary, during each sample the Riccati difference equations (18) and (19) are solved backward for N steps and are updated every 10 ms, where k 0 ¼ 0 and k f ¼ N. Similarly, the controller matrices (25) and (26) are calculated during the same control step and the optimal control (24) is obtained. Consequently, at the next control step only the first control signal out of all N calculated control signals is used for controlling the PFI injector, and in the next step, the N control signals will be recalculated by following the same procedure and using the required (reference) fuel flow. For this study, N was set equal to 10, and thus the controller requires ten samples of the required (reference) fuel flow to solve the Riccati equations and to determine the controller matrices at every control step, which is equal to 100 ms of real-time simulation. Note that the airflow transport delay of s d is 250 ms (see Table 1 ) and n is 25, which is greater than N. Therefore, there is sufficient time to calculate the optimal fueling based upon the required (reference) fuel flow.
Although in this paper we are going to investigate the LQ tracking control performance at one speed and load condition, to implement the proposed control strategy for wide engine operational conditions, the modeling parameters, including time constants and delay, will be functions of the engine speed, load, variable valve timing (VVT), etc. The control strategy, updated in real-time, will be calculated based upon the model parameter at current engine speed, load, and valve timing so that the LQ tracking control reflects current engine operational condition.
Simulation Results
Since the typical feedforward AFR control is achieved by using inverse fueling and the estimated cylinder air charge divided by the desired stoichiometric ratio of the air and fuel, a baseline inverse fueling dynamics controller was developed for comparison purposes to the LQ tracking controller. The controller uses the inverse wall wetting dynamics of the PFI injector and the estimated airflow measured by the mass airflow sensor to determine the desired stoichiometric ratio of the air and fuel. The baseline controller also includes the estimated manifold filling dynamics and a pure time delay to match the transport delay of the airflow from the throttle to the engine cylinder, see Fig. 5 , where 14.6 is the desired stoichiometric (reference) AFR.
Simulations of the LQ tracking controller under different throttle plate opening changes were conducted and compared with these of the inverse fueling dynamics controller. The performance cost function weighting matrices (8) were tuned for each simulation such that the transient response was acceptable and were selected below as
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It was found that increasing the magnitude of Q is equivalent to decreasing R. Since minimizing tracking error (9) is the main goal, selection of the weighting matrices F, Q, and R was focused on matrices F and Q. That is, minimizing the tracking error (9) is our first priority regardless of the amount of control effort. This is suitable since the overall control problem is to minimize the engine AFR deviation from a desired level during engine transient operations, which in general will improve engine fuel efficiency and reduce engine emissions. Placing more emphasis on minimizing the tracking error from the selection of these matrices was found to be acceptable because there was no singularity in the solution of the Riccati equations and also the fueling input was not saturated.
The four-cylinder mean-value model discussed in the beginning of air flow and fuel flow modeling section was used in the simulations. A constant throttle opening of 40%, where this percentage is of the total throttle valve opening, was used to begin the first simulation. Figure 6 shows the response of the inverse fueling dynamics controller compared with the LQ tracking controller for simulation 1. This simulation also adds 2% sensor noise to the measured airflow across the throttle, and adds a step throttle increase of 25% at the 5th second. At the 10th second, a decrease of 15% to the throttle opening was applied. The upper plot of Fig.  6 shows the air flow (g/s) into the cylinder and its relative fuel flow, and the lower plot shows the AFR response to the throttle changes. The LQ tracking controller maintains the maximum AFR deviation from stoichiometry to fewer than 4.5%, whereas the inverse fueling dynamics controller only maintains the maximum AFR deviation to 9%.
For the previous simulation, a constant target relative AFR of 1 was used. In simulation 2, it begins with a target relative AFR of 1 and a constant engine throttle opening of 40%, where this percentage is of the total throttle valve opening. At the 5th second, Transactions of the ASME the simulation adds both a step decrease of 0.05 to the reference AFR and a step increase of 25% to the throttle opening the. At the 10th second, both an increase back to unity AFR and a decrease of 15% to the throttle opening is achieved. This is to simulate the step throttle engine operation where the reference AFR is reduced to improve engine knock tolerance. Figure 7 shows the responses of simulation 2 under the throttle changes and engine relative AFR changes. As seen in the lower plot of Fig. 7 , the LQ tracking controller maintains the deviation of the AFR from stoichiometry to fewer than 5%. The inverse fueling dynamics controller has an AFR deviation of 8%.
Engine Test Results

Engine and Controller Setup.
The LQ tracking controller was implemented and tested on a 0.4 l single cylinder directinjection engine equipped with VVT, a "hot-wire" MAF sensor, an intake manifold pressure sensor, and a universal exhaust gas oxygen (UEGO) sensor. Since the engine was equipped with a DI injector, wall wetting dynamics were added to the output of the fuel injection pulse width control signal to emulate a PFI injector and 5% parameter error of a and b was later added to the control design model to simulate the modeling error. All engine tests were conducted at a fixed engine speed of 1500 RPM and the VVT position was fixed. Table 2 lists the engine specifications and the engine setup is shown in Fig. 8 .
The engine controller hardware that was used for the engine tests was an Opal-RT HIL engine controller [27], capable of sampling engine sensor signals and updating engine control signals every 1.0 ms, and also has the ability to send and receive crankangle based signals. For the engine tests, only the engine oxygen sensor and MAF sensor signals are used by Opal-RT engine prototype controller, and similarly only the direct injector fuel pulse signal and ignition timing signal are determined and updated. The MAF sensor signal and UEGO sensor signals are averaged over one engine cycle to remove the large fluctuations in the signals due to the single cylinder engine. The discretized LQ tracking controller was implemented in Simulink and autocoded into the Opal-RT controller and all controller matrices and signals were updated every 10 ms.
Model
Redesign. The models used for the intake manifold filling dynamics and throttle plate dynamics were acceptable in simulations but these simplified models were redesigned due to the difference between the model and the physical engine. To emulate a step increase and decrease in the engine airflow for the test engine, a two-way normally closed solenoid valve was used, to allowing a small manually adjustable amount of airflow to enter the engine when no voltage is applied to the actuator solenoid. When the voltage is applied to the solenoid, the valve opened allowing a larger amount of air to be added to the small manually adjustable amount. Since the response of the solenoid is very fast when powered, this emulates a step increase of airflow into the engine. Note that this created an engine step open operation much worse than an actual one. In order to model the aforementioned physical process of opening, the throttle to increase and decrease the airflow, the first order model in Eq. (1) that approximates the engine throttle plate dynamics was redesigned. A second order transfer function of the form below was used
where the standard equations for maximum percent overshoot and settling time were used. The validation of the modeled dynamics in simulation versus the physical system is shown in Fig. 9 .
To improve the modeling accuracy of the intake manifold filling dynamics, a step throttle increase of the air flow into the intake manifold was measured by the intake manifold pressure sensor. From this signal, it was observed that the filling dynamics can indeed be approximated by a first order system with a time constant of s 2 ¼ 0.16 s, where time constant was turned to fit the measured response through visual inspection. It can be observed that due to nonlinearity the first order approximation cannot match the experimental data exactly. Note that in the simulation s 2 was 0.05 s. The large time constant of the intake filling dynamics is due to the fairly large manifold volume for the test engine. The validation of the modeled intake manifold filling dynamics in simulation against the intake manifold filling dynamics of the physical engine is shown in Fig. 10 . It can be observed that the intake manifold filling dynamics matched pretty well at the beginning and due to nonlinearity the actual filling dynamics is much fast than the modeled one.
LQ Tracking Feedforward Control Results.
For the first engine test of the LQ tracking feedforward controller, a desired AFR of stoichiometry was chosen. The wall wetting dynamics for a PFI injector given in Eq. (4) were added to the control output of the injector fuel pulse where a ¼ 0.5 and b ¼ 0.8. A step increase and decrease in the airflow was applied and the results are shown in Fig. 11 . The LQ tracking controller maintains the deviation of the AFR during the step increase and decrease to less than 7.87%. Similar to the case when state estimation was not used, the deviation of the AFR during the step decrease in airflow is very minimal, at less than 3.11%. Transactions of the ASME For the previous test, the LQ tracking controller uses the same modeled wall wetting dynamics as the wall wetting dynamics that are added to the control output of the fuel injector pulse signal. New wall wetting parameters a ¼ 0.475 and b ¼ 0.76 (a 5% Table 3 PID feedback control gains
parameter variation) were chosen to test the performance of the controller when the modeled wall wetting dynamics in the controller differ from the actual wall wetting dynamics of a PFI system. The response is shown in Fig. 12 and it shows that the LQ tracking controller is able to maintain the AFR deviation from stoichiometry to less than 9% despite the variation in the modeled wall wetting parameters. The transient control error is relative large and it could be due to modeling error and the fast step throttle solenoid actuator that provide a much fast throttle step opening than an actual throttle driven by an electrical motor.
Inverse Fueling Dynamics Controller
Results. The conventional inverse fueling dynamics feedforward controller strategy previously discussed, where the schematic is shown in Fig. 5 , was implemented in the Opal-RT and its control signal was updated every 10 ms. The inverse fueling dynamics feedforward control was carefully tuned to achieve the best performance possible. Engine tests were conducted to compare with the LQ tracking controller. The response is shown in Fig. 13 and shows that the deviation of the AFR from stoichiometry is 10.2% for the step increase of the airflow and 6.13% for the step decrease. Note that the LQ tracking control utilizes both measured mass air flow and exhaust oxygen signals and while the inverse fueling dynamics feedforward control uses only the measured mass air flow information. It is expected that the LQ tracking control shall proved improved performance.
LQ Tracking With PID Feedback Control Results.
A PID (proportional, integral, and derivative) controller that uses the oxygen sensor signal as feedback was designed and implemented with the LQ tracking controller. The controller gains were tuned online such that the system maintained stability with very little oscillations, and the transient response was acceptable and the PID gains that were used for the engine tests are shown in Table  3 . The results are shown in Fig. 14 and it can be seen that the AFR deviation from stoichiometry for the step increase and decrease in airflow is 4.67% and 5.78%, respectively, comparing with 7.87% and 3.11% for the case without PID control, where the results are summarized in Table 4 . The improvement on settling time for both step up and down is uniform. This improvement is most likely due to the closed loop compensation of the unmodeled nonlinear dynamics by the PID controller. Also note that the LQ tracking control design provides both feedforward and feedback control gains simultaneously for the given weighting matrices. This makes both feedforward and feedback control design coupled. The PID controller adds additional degree of freedom for tuning the feedback control gains, which could be the reason for the improved performance.
Conclusion and Future Work
Engine test were conducted on a single cylinder research engine to validate the ability of the LQ tracking control to reduce the deviation of the AFR from a desired value during engine transient operations. Wall wetting dynamics were added to the output of the DI control signal to emulate a PFI system. The proposed LQ tracking feedforward controller was able to maintain the AFR deviation to less than 8% for both step up and down engine transient operations and to less than 5.6% when the PID feedback control was added. Furthermore, the performance of the LQ tracking feedforward controller reduced the AFR deviation during engine transients much better than the baseline inverse fueling dynamics controller. This paper also shows the performance comparison of the LQ tracking controller, inverse fueling feedforward controller, and LQ tracking control with PID feedback control.
For the future work, it is proposed to improve the LQ tracking controller by accurately modeling the time delays of the fuel injection, the intake manifold filling dynamics and the throttle dynamics. Currently the fuel injection time delay is not modeled in the LQ tracking controller directly and but was lumped to the intake airflow delay. Matching these models with the physical systems should reduce the AFR tracking error significantly for transient engine operations when the LQ tracking control is used. Step up (%)
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